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1. Introduction

In this note we consider two problems concerning context free grammars.
The first problem is the following:

Let G = (% %, 9%, o) be a context free grammar (for definitions see
section 2), let A€\ - I, and let n be a non negative integer.

Let L(A, n) (L(A, > n), L(A, < n)) be the subset of L(G) consisting of
all those words of L(G), which have a derivation tree that contains

the variable A precisely n (at least n, at most n) times. Equivalently,
L(A, n) (L(A, > n),L(A, < n)) is the set of those words of L(G) which
have a derivation using a production rule with A as its left hand side
precisely n (at least n, at most n) times.

The problem is whether L(4, n), L(A, > n) and L(A, < n) are context
free languages. We prove in section 3 that this is indeed the case, by
giving an algorithm for deriving context free grammars for these three
sets from the given grammar G.

Section 4 is devoted to the second problem:

Let G = (U, £, P, o) be a context free grammar and let A, BEW - I.
Find an algorithm for determining whether the subset of those words of L(G),
each derivation tree of which contains A, is equal to the set of words
from L(G), whose derivation trees all contain B.

In the case that G is unambiguous, this means that this algorithm

determines whether, L(A, > 1) equals (B, > 1).



2. Definitions

In this section we follow the definitions of Ginsburg Eﬂ.

An alphabet is a finite non empty set, the elements of which are called
symbols. If A is an alphabet, AF is the set of all finite sequences of

elements of A, including the empty sequence.

A context free grammar G is a four-tuple (U, &, 9, o), where

a. U is an alphabet,

b. ICUis an alphabet,

c. P is a finite set of ordered pairs (u, v), with ueV - , vEAj*,
d. o€V~ L=

The elements of U - I are called variables and the elements of I are
called terminals. Elements (u, v) of 9 are called productions and are

usually written u > v.

Let w, yew3¥: We write w T (or w =y if G is understood), if there

- exist Zys Zps Us ve\j* such that w'= 2,02, ¥ = 2,VZ, and u - v is in
P.

We write w %% y (or w Z, y if @ is understood), if either w = y, or there

exist Wy = Wy Wi Wps esey WY, such that W Ev e for each 1.

The sequence Wos Wys eees W, is called a derivation and is denoted by

Wy = W, = e =V L
If G = (v, £,T, o) is a context free grammar, then the subset of Z*}

" .
L(¢) = {we |0 = w} is called a context free language.

We impose the following restrictions on the grammars considered in this
note:

a. For each A€ \J - £, there exist u, vey" such that ¢ = ulv.

b. For each Ae\ - I, there exists we 57 such that A = w.

These two restrictions ensure that G contains no "superfluous" variables.
Since from each grammar containing superfluous variables a grammar can be
constructed without superfluous variables, but which generates the same
language [1], this is an inessential restriction, imposed only for con-

venlence.



With each derivation A = w & derivation tree can be assoclated in the
usual way.
A derivation tree with root A is denoted by t(A).

A node v, is called a direct extension of a node v, if there exists a

1 2
directed line from Vo to v,
A node vy is called an extension of a node'»v2 if it is either a direct
extension of Vv, or an extension of a direct extension of Ve

S 1f v, 1s a direct extension

A node v, is called predecessor of a node Vs 5

1
of v..
1
A derivation tree is called recursive, if it contains a node which has
the same node name as one of its extensions. Otherwise, i1t is called

recursion free.

In this paper we consider only derivation trees with the property that

each variable occurring therein has at least one direct extension.



3. Algorithm 1

Theorem 1

Let ¢ = (U, £,9, o) be a context free grammar, let A€\, and let n

be an integer > 0. Define

L(A, n) = {welL(G)|] a derivation tree of w which contains A precisely
n times},

N o1, i),

nor(a, i).
]-\_\___)O 1

Then L(A, n), L(A, > n) and L(A;, < n) are context free languages.

L(A, > n)

il

1}

L(A, < n)

Proof

1.1 First we construct a context free grammar for L(A, n). The basic
idea in this construction is the introduction of "indexed" variables,
e.g. P<j), (0 < j <n), such that each derivation tree with P(j)

as its root contains the variable A precisely Jj times.

We define the grammar G' = (U', Z',P', ¢') as follows:

a. ' = 1L,

b J' = LU U {P(l)}, i.e. each variable PEU-I leads to
PeU=Z 0O<i<n
©) (1) o(n)

n+1 variables P77, P y eeecy c Vv,
c., o' = c(n),
4. = p~» ¢}(1), where the sets {P » ¢}(1) are

P+$ped® 0<i<n
defined as follows:
a. P # A,
; . . > (0)
If ¢ is a terminal sequence, i.e. ¢€ % , then {P - ¢} =

0 . .

{P( ) . ¢}, and {P > ¢}(l) = ¢ 1), for i » 0. If ¢ is not
a terminal sequence, then there exist X, X ez*,
QVQ?.“,%EW—ZMZ1)wmtmt

¢ = x,lQ,ngQ2 memme. Then we define for each i > O:

5s cees X

5
') ¢ denotes the empty set.



, . (i,)  (i,) (i) )
P~ ¢}(1> = \\_,) {P(l)+ x,9, 1 %59, 2 ... Q. n X 1t

1,41, Feeo+l =1
1 72 m

1,.,1.5000e,1 >0
1272° > m—

B. P = A,
If ¢ is a terminal sequence, then {A > ¢}(1) = {A(1) > ¢}, and
{a ~ i}(l) = @, for i # 1. Otherwise, let
o A
¢ = y1R1y2R2 N prpyp+1’ with Yqs Yoo ...,‘yp+1é:Z , and
Rys Rys eees Rﬁ;\r—z. Then {A — ¢}(0) = ¢ and for i > O:
(1) \v) (1) (i) (i) (i)

{arg} ™= A>3y r TyR ..y rR Py L.

it 4.4 =ied P P

172 ie)
i1,i2,.. ,i >0
1.2 Example

Let G be ({0, P, N, &, +, (,), 0, 1}, {a, +, (,), 0, 1},
lo o +P,0+P,P>N,P~+>(c), P>ra, N>0, N1,
N -~ ON, N + 1N}, o).

G is a grammar for a set of simple arithmetic expressions. A grammar
@' for the subset of this set, consisting of all expressions which

contain only two digits (i.e. L(N, 2)) is +the following:

g =, 2',%9', o'), where

o = (o0 41 50) 5(2) H(1) £(0) (2) (1) (o)

H 9 2 ’ab +’ (9)9 O, 1}9

st = {a, +, (,), 0, 1},

g.=c@)+gm+Pm%G@)+gw,gmé<éwth)+wM)
cm)+<H+PMLUU)}MH,QH+(JHLN@)+WU%
m)+5m+P@%Gw)+gm’¢m+(éthm>+mm)
o“)+J”+pm%P@)+M”,ﬂ“+a, w1 S (0
Jﬂ+0m)+gﬂ,gﬂ&NU%NM)+m
m>+gm+Pw)Pm>+ﬂm’Mn+1,

g's= ¢



Two possible derivations are:

(2) @), (00 (1), (1), H(0) L (1), (1), (0)
ces (P o p() 000 g () L B0 gy (D) p(0)
e 04 1+ 00 oo 04 1 44,

@), (2) , (0) (), (00 . (&), (0
—= onl M 4 20O s 01 4 209 o 01 4w,

1.3 Proof that L(G') = L(A, n)

1.3.1. First we show that L(G')C L(A, n).
Let

(n) _ — - s -
(1)0 —-WO GT/W.I (_}T/ ) GT/’Wr—W

be a derivation of weL(a').
Clearly, deletion of all the indices from the variables occurring
in each wi(O <1i <r), gives a derivation
(2) o §=> w,
hence we L(G). In order to prove that the derivation tree corre-
sponding to (2) contains A precisely n times, we introduce the
"level" A for each element of ' as follows:
a. r(a) = 0, for each a€ ',
b. A(P(j)) = j, for each P(j)e\ﬁ" -
c. AMxy) = Ax) + A(y), for x, yeor .
In (1), let Wi g T X P(j) ¥s W, = x¢y (0 <ic<wr),

1
(@), bes'.
From the construction of &' it follows that A(wi) = )\(wi_,l)
if and only if P # A, and Mw.) = x(wo_,]
if P = A. Since A(o(n)) = n, ;.nd A(w)1= 0, we conclude that the

Ev
where x, yeJ' , P
)=1 if and only

derivation (2) uses a production from 9> with A as its left hand
side precisely n times, which means that A oceurs n times in the
derivation tree of w.
1.3.2 Proof that L(A, n)CL(G').
Let we L(G) have a derivation tree which contains A precisely n times.

The- following process is executed:

£



Tach node in this tree which is a variable, say P, is supplied with
an index, equal to the number of times A occurs in the subtree t(P),
containing all extensions of P.

Then the tree which is thus constructed is a derivation tree of

w in L(G').

For, consider an arbitrary variable P(j) in this derivation tree.
First suppose P # A.

There are two possibilities for the subtree T(P(J)):

. P(J) The only direct extension of P is a terminal
sequehce; hence, j = 0. But P(O)+ xe P!
x(€5) by the construction of &'.

From {») it follows that
j = j1 + j2 + ... + jm; hence,

. j (3.)
(J) (31) m i
> x1Q,] XQO xm_HéJ

Now suppose P = A.

Again there are two cases:

(3)
a. A By (%), j = 1, and from the construction of
- @' we see that A“) >y,
yle€ )
-b A(j) B (_)é_) S = 3 + 2 + 2 .
y B e P AR R B
hence, A > y1R1 ces prp yp+

(jp ¥
1 R R + 1
I\ Np P
[N i\

1 A

This completes the proof that L(A, n)CL(G').



2. The grammar G" for L(A, > n) is constructed as follows:

GH - (U", z",g)"’ G"), Where

VRVIVICS

"= 1,

e =puPulat sy (O e,
PEV-I

g" = G(H), )

The proof that this grammar generates L(A, > n) is very similar to the
first proof and is therefore omitted.

3. Since L(A, < n) = CD L(A, i) and since a finite union of context
1=0 :
free languages is agaln a context free language, the proof of theorem

1 is complete.

Remark:
Theorem 1 can easily be generalized to the following

Corollary:

Let {A1, A,

G, and let {n1, Doy eoes nm} be a set of non negative integers. Then:

sy Am} be a set of variables of a context free grammar

The subset of L(G) consisting of all words which have a derivation tree

containing A1 precisely (at least, at most) n, times, A2 precisely

1

(at least, at most) n, times, ..., A precisely (at least, at most) n

2
times, is a context free language. Here each choice of "precisely",

"at least", "at most" may be made independently of the others.



b, Algorithm 2.

Let A, B be two variables of a context free grammar G. In this section
we define an algorithm which determines whether each derivation tree of
a word - we L(G) which contains A, also contains B. This algorithm is
given in definition 2. First, a special case is treated in definition 1.
There we define an algorithm which determines whether each derivation
tree with A as its root contains B.

Although these problems are fairly simple, some care has to be taken

in view of recursive use of variables, in order to avoid closed loops
in-these algoritims. This mzy be illustrated by the following part of
the set of production rules of a context free grammar:

A e Cuus,
C > vee D eeey
D> vee A vuus

Suppose one used the following scheme: Each derivation tree with A as
its root contains B if and only if each production rule with A as its
left hand side contains in its right hand side either B, or variable

C with the property that each derivation tree with C as its root
contains B. Verification of this property for C and next for D would
give the result that each derivation tree with A as its root contains
B if each derivation tree with A as its root contains B.

In order to avoid such loops it is clearly necessary to remember which
variables have already been considered in the course of the above
described scheme.,

This explains the following definition:

Definition 1

Let G = (U, T,9°, o) be a context free grammar, let A, BeU-I, and let
WclU-3, The predicate (A > B, ) is defined as follows:

(A > B, y) is true if and only if either

1. A =B, or (1)

2. For each rule A ~ ¢ & which has A as its left hand side there exist
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Vo wze\f*, PeVY-I, such that ¢ = y, Py,, and either
2.1, PeW, or (2)
2.2. (P > B,WU{P}) (3)

Example: (A > B,\U-3) is true if and only if either A'= B, or 9 contains

no rule A » ¢, with ¢ a terminal sequence.
Theorem 2

Let A, B be two variables of a context free grammar. Then (A > B, {A})

if and only if each derivation tree with A as its root contains B.

Proof

1. Suppose (A > B, {A}). We prove that each tree with A as its root
contains B.
First we consider a derivation tree T(A) which is recursion free
(section 2). Suppose that B 6§t£A)1).
From the definition of (A > B, {A}) we conclude that there exists
in t(A) at least one direct extension of A which is a variable,
say P, such that (P > B, {A, P}); for, (1) does not apply since
B &t(A), and (2) does not apply since t(A) is recursion free.
By the same argument there exists a direct extension Q of P such that
(@ > B, {A, P, q}) etc.
However, after a finite number of these steps we reach a variable R,
such that (R > B, {A, P, Qy eossy R}), but such that the only exten-
sion of R is a terminal sequence, say X. '
This is a contradiction, since the occurence of a rule R > x in &P

contradicts (R > B, {A, P, Q, ..., R}).

Next we consider a tree 7t(A) which is recursive. It is easy to see
that from such a tree, another derivation tree can be constructed
with the same root, which is recursion free and which contains only
nodes that occur also in the original tree. We can apply the above
argument to this recursion free tree. If it contains B, then so does

the originally considered tree t(A).

1)

Ber(A) means: B occurs as one of the nodes in the tree t(A).
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2. Suppose that each derivation tree with A as its root contains B.

We prove that then (4 > B, {A}).

Let U- 1 = {P1, Pyy sees Pn}.

Let E(i), 1 < i < n, be the following assertion:

If {Py, Pps «ens Pi} is o subset of U= £, if B, Q€U-3, and if

(@ > B, { 1 ceeg P,}) is false, then there exists a derivation
tree 1(Q) whlch does not.contain B.
Weshall show that:
a. E(n) holds,
b, B(i) implies E(i-1), for i =n, n - 1, ..., 2.
Assuming a and b, we conclude that E{1) holds, which-means that if
(o > B, {A}) is false, then there exists a-tree 1(A), such that
B &t(Aa).
Proof of E(n):

Suppose that (Q > B, {P1, Py voes Pn}) is false. From definition 1
we see that there exists at least one production rule @ + ¢ with ¢ a
terminal sequence. Hence there exists a derivation-tree t1(Q) which
does not contain B.
Proof of "E(i) implies E(i-1)".
Suppose’ that (Q > B, {P1, Pos eees Pi—1}) is false, for some subset
{P1, Phy oo Pi_1} of U-g.
Then, either
a. There exists a rule Q - ¢, with ¢ a terminal sequence, which im-
mediately gives a tree 1(Q) without B, or
b. There exists a rule
Q + x.R, x.R, ... x R x : (L)

171 272 mm  mt
such that for each Rj (1 <j <m):

Rj & {P1, Py vees Pi_1} (5)
and
(Rj > B, {P1, Py wees Po_ys Rj}) is false. (6)

We can now apply E(i) to (6), which means that there exist derivation
trees T(Rj) withour B, for each j(1 < j < m), Together with (4) this

yields a derivation tree 1(Q) which does not contain B.

This completes the proof of theorem 2.
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Remark: In the sequel we abbreviate (A > B, {A}) to A > B.

Definition 2

Let A, B be two variables qof a context free grammar G = (J, £, &, o)
and let WCU-Z. The predicate (ApB, W) is defined as follows:
1. (6pB,\Y) =0 > B, and for each A # o:
2. (ApB, W) is true if and only if either
2.1. A =3B, or (1)
2.2, For each rule P + ¢, which-contains A in its‘right hand side
(i.e. there exist Yoo wgeﬁj*, such that ¢ =y, sz), either

2.2.1. ¢ contains a variable C (which may be A itself) for which

C > B holds or (8)
2.2.2. Pely, or (9)
2.2.3. (PpB,wu{P}) (10)

Theorem 3

Let A, B be two variables of a context free grammar. Then (Ap B, [A})
if and only if each derivation tree t(c) which contains A, also

contains B.
Proof

1. Suppose (Ap B, {A}). We prove that A€t (c) implies Bet (o).
If A = ¢ then the proof follows from theorem 2.
If A # 0, we Tirst consider a derivation tree t(¢) which is recursion
free. Suppose A€ 1(c), B &1(c). Let P be the predecessor of A in
t(0). From the definitioh of the relation (Ap B, {A}) it follows that
(Pp B, {A, P}); for, (7) or (8) does not apply since Bér(g) and (9)
does not apply since t(o) is recursion free.

Again, for the predecessor of P, say Q, we find:

(Qp B, {A, P, Q}) ete. Finally we conclude that (cp B, {8, P, Q, ...50}),

which means that ¢ > Bj hence, Ber(g), which is a contradiction.

The general case for recursive trees follows directly.



13

2. Suppose that A€t(c) implies Bet1(c), but that (ApB, {A}) is false.
For A = o, this is clearly impossible. If A # o, we conclude from
definition 2 that there exists a rule P - ¢, such that:

a. A occurs in ¢,

b. For no C occuring in ¢, C > B,

c. (PpB, {A, P}) does not hold.

From a and B we see that there exists a tree t(P), with Aet(P),

B &(P).

From ¢ it follows in the same way that there exists a Q,

(# A, # P), and a derivation tree 1(Q), such that A<1(Q), Beft(Q)
and (QpB, {A, P, Q}) is false.

Eventually a tree t(o) results, such that Ac t(c) but B &1(c), which

is a contradiction.
This completes the proof of theorem 3.
Corollary

For unambiguous grammars there exists an algorithm which determines

whether L(A, > 1) = L(B, > 1).
Proof

L(A, > 1) = L(B, > 1) if and only if (Ao B, {A}) and (Bp4, {B}).
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